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We propose a generalization of quantum teleportation: the so-called many-to-many quantum 
communication of the information of a d-level system from N spatially separated senders to M > N 
receivers situated at different locations. We extend the concept of asymmetric telecloning from 
, qubits to d- dimensional systems. We investigate the broadcasting of entanglement by using local 

1 — > 2 optimal universal asymmetric Pauli machines and show that the maximal fidelities of the two 
final entangled states are obtained when symmetric machines are applied. Cloning of entanglement 
, is studied using a nonlocal optimal universal asymmetric cloning machine and we show that the 

symmetric machine optimally copies the entanglement. The "many-to-many" teleportation scheme 
is applied in order to distribute entanglement shared between two observers to two pairs of spatially 
separated observers. 

PACS numbers: 03.67.Hk 
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I. INTRODUCTION 



> 

o 

Multiparty entanglement plays a crucial role in most applications of the quantum information processing, e.g., quan- 
tum teleportation [jj , quantum key distribution required in cryptography 0, , superdense coding £| , entanglement 
| swapping and quantum computation 

In the original work of Bennett et al. yj, quantum teleportation of the information contained in a state of an 
unknown <i-level system was introduced. In this scheme, an observer Alice transmits the information of the particle 
to another observer Bob, with perfect fidelity, by using a maximally entangled state. Recently, a more general scheme 
has been proposed: the so-called one-to-many quantum transmission of the information of a d-level particle from one 
sender to M receivers located at different places J8j. The task is achieved if Alice performs a measurement in the 
generalized Bell basis and sends the outcome to the receivers, who will apply a local "recovery unitary operation" 
^ \ (LRUO) in order to obtain the initial state. 

In this paper, we propose a different generalization of quantum teleportation, namely, the many-to-many quantum 
transmission of the information of a d-level system from N senders spatially separated to M receivers (with M > N) . 
• i— i , In this scheme, the unknown state to be teleported is an entangled ./V-particle state shared by N observers. The 
' quantum channel used for broadcasting the information between the senders and receivers is a maximally entangled 
(7V + M)-party state. Each sender has to perform a Bell- type measurement and announce the outcome to the receivers, 
■ - - > who perform a LRUO, obtaining the information of the initial unknown state. 

Cloning (copying of a system) is a process that shows the significant differences between classical and quantum 
information processing. In contrast to the classical case, when one can generate as many copies of a system as one 
wishes, Wootters and Zurek have shown that no machine exists that can produce two perfect copies of an unknown 
quantum state |9(; this statement was called the no-cloning theorem. Since perfect cloning is not possible, a new 
question has arisen, namely, how well can we copy an unknown quantum state? Cloning machines can be divided 
into symmetric and asymmetric machines. A universal 1 — > 2 symmetric quantum doner is defined as a machine 
that transforms an input qubit | tp ) into two identical imperfect copies (clones), characterized by the density operator 

MM 

p = s \^)^\ + l —ll. (Ll) 

The doner is optimal if the fidelity of the final states is maximal. In the last few years, much progress has been 
made in analyzing the optimal cloning of different systems: a 1 — > 2 universal cloning machine for qubits a 
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1 — > 2 symmetric doner for d-level systems [T^], an N — ► M symmetric doner for qubits (a machine that takes as 
input JV identical qubits a nd g enerates at the output M > TV copies) 0, 0] , and an N — > M symmetric doner for 
d-level systems [lja, UJ1 ■ While a symmetric machine produces identical output states, the 1 — ► 2 asymmetric 
doner of qubits proposed by Cerf generates two output states emerging from two different Pauli channels |l9j. The 
asymmetric cloning machine has been extended to higher dimensions (a Heisenberg cloning machine) also by Cerf 
|2fJ . Experimental implementations of both quantum teleportation |2l| , and, recently, quantum cloning of photons 
[23 H3 have been carried out. 

An interesting application of quantum cloning is the broadcasting of entanglement proposed by Buiek et al. |24| . 
In this process, the entanglement originally shared by two observers is broadcast into two identical entangled states 
by using a local 1 — > 2 optimal universal symmetric cloning machine. In Ref. |25|. this process has been investigated 
with the help of a local universal symmetric cloning machine (not necessary optimal) and it has been shown that the 
entanglement is optimally split when optimal symmetric doners are used. 

In this paper we analyze the broadcasting of entanglement by considering local optimal universal asymmetric cloning 
machines and prove that the two output entangled states are different, but have the same fidelity. We show that the 
inseparability is optimally broadcast when symmetric doners are applied. In Ref. [12j cloning of entanglement using 
nonlocal symmetric doners was proposed. We investigate the cloning of entanglement by applying a nonlocal optimal 
universal asymmetric cloning machine and also find that symmetric doners generate the best copies. 

In Ref. 26], Murao et al. proposed a quantum scheme called telecloning that combines quantum teleportation 
and optimal cloning. In this protocol, an observer Alice has to send M identical copies of an unknown qubit to 
M spatially separated observers. Due to the no-cloning theorem [s|, an unknown quantum state cannot be copied 
faithfully; therefore Alice can send only imperfect copies to the M receivers. The task is achieved with the help of 
a multiparty quantum information distribution channel shared between the senders and receivers. Diir and Cirac 
presented a generalization of quantum telecloning, where Alice holds N identical qubits and has to send the copies 
to M observers (M > N) situated in different locations. Instead of performing a Bell measurement, Alice uses a 
more generalized positive operator valued measure [2^ . By applying the one-to-many teleportation protocol, Murao 
et al. gave further generalizations of telecloning: the 1 — ► M symmetric telecloning of a d-level system and the 1 — ► 2 
asymmetric telecloning for qubits 8J. 

In this paper we present a generalization of asymmetric telecloning from qubits to d-level systems. We also propose a 
scheme called telebroadcasting, which performs the broadcasting of entanglement to different locations using the many- 
to-many communication protocol. A summary of earlier papers and new results of the present work on teleportation, 
cloning, telecloning, broadcasting of entanglement, and telebroadcasting is given in Table I. 

The paper is organized as follows. In Sec. II we start by reviewing the standard teleportation scheme for d-level 
systems and its generalization, one-to-many teleportation. Then we propose a generalization called the "many-to- 
many" communication, a procedure that involves N > 1 senders situated at different locations. In Sec. Ill we give 
a summary of the asymmetric Heisenberg quantum doners for <i-level systems, analyzing the special case of optimal 
universal asymmetric Heisenberg machines using a different, but equivalent, description to the one given in Ref. [20| . 
The extension of asymmetric telecloning from qubits to d-level systems is presented in Sec. Ill C. Broadcasting of 
inseparability using local and nonlocal optimal universal asymmetric cloning machines is investigated in Sec. IV. 
Applying the generalized many-to-many teleportation protocol, we propose in Sec. V 1 — > 2 telebroadcasting, a 
process that combines teleportation and broadcasting of an arbitrary bipartite two-level entangled state to two pairs 
of spatially separated observers. Our conclusions are summarized in Sec. VI. 
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Teleportation 



Dimension 


Number of senders 


Number of receivers 


Authors 


d 


1 


1 


Bennett et al. [1| 


d 


1 


M 


Murao et al. [8] 


d 


N 


M > N 


present work 



Symmetric cloning 



Dimension 


Number of copies of the initial system 


Number of final clones 


Authors 


2 


1 


2 


Buiek and Hillcry [10], Brufi et al. [11] 


d 


1 


2 


Buzek and Hillery [12] 


2 


N 


M > N 


Gisin and Massar [13], Bmfi et al. [14] 


d 


N 


M > N 


Werner^], Keyl and Werner 
Zanardi [171, Fan et al. [18] 



Asymmetric cloning 



Dimension 


Authors 


2 


Cerf [19] 


d 


Cerf [20J 



Broadcasting of entanglement 



Cloning machine 


Authors 


Local Symmetric 


Buzek et al. [24] 


Nonlocal Symmetric 


Buzek et al. and Hillery 


Local Asymmetric 


present work 


Nonlocal Asymmetric 


present work 



Telecloning 



Telecloning 


Dimension 


Number of copies of the initial system 


Number of receivers 


Authors 


Symmetric 


2 


1 


M 


Murao et al. [26] 


Symmetric 


2 


N 


M > N 


Diir and Cirac [2JJ 


Symmetric 


d 


1 


M 


Murao et al. [8] 


Asymmetric 


2 


1 


2 


Murao et al. [8] 


Asymmetric 


d 


1 


2 


present work 



Telebroadcasting 



Telebroadcasting 


Number of senders 


Number of receivers 


Authors 


Asymmetric 


1x2 


2x2 


present work 



TABLE I: Summary of earlier work and the present results on teleportation, cloning, telecloning, broadcasting of entanglement, 
and telebroadcasting. 



II. A GENERALIZATION OF QUANTUM TELEPORTATION 



A. Preliminaries 



Let us start by giving a summary of the original teleportation protocol and its generalization — the one-to-many 
scheme for sending quantum information. In the first quantum teleportation scheme proposed by Bennett et al. 
an unknown state of a <i-level system is faithfully transmitted from one observer Alice to another observer Bob, with 
the help of quantum and classical channels. The initial unknown state we wish to teleport is 



d-l 



k=0 



where X)fe=o \ a k\ 2 — 1; an d {| k)} is the computational basis. In order to perform the teleportation, Alice and Bob 
must share a quantum channel, which is a maximally entangled state: 

\0 = ~t{£\3)A3)b. {H.2) 

3=0 
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The complete state of the system can be written as 

-1 d-l d-l 



^>io = \ E Ei«v»>X>p (-^r) «*i*+^>> (H.3) 

m=0n=0 fc=0 



where fe + m = fc + m modulo d, and 

*„,„) = ^f> P (^W)|¥TS), ( IL4 > 



is the generalized Bell basis 0, |2(| • Alice performs a Bell-type measurement on her particles and sends the result 
to Bob (classical communication). Suppose the outcome of Alice's measurement is | 3? OT , n ). Bob has to apply the 
unitary operator pj 

on his particle in order to recover the initial state. This protocol was called the "one-to-one" quantum communication 
of teleportation in Ref. @, because the information has been transmitted from one sender to one receiver. 

Let us now review the one-to-many teleportation protocol proposed by Murao et al. 0, where the information is 
distributed from one sender Alice to many distant receivers By, Bj,..., Bn , using multiparty entanglement. Alice's 
system is an iVj-particle state, which encodes the information of a d-level system: 

d-l 



iv> = E a *i^' ( IL6 ) 



fc=0 

with X)fc=o l a fc| 2 = 1) an d {I ^fc )a} represents a basis in the d-dimensional space. The quantum channel used in this 
scheme is a maximally entangled state of Alice's N p particles and the receivers' N a particles: 

1 d_1 

10 = -r)y^\Kj)A\4>j)B 1 B 2 ...B No - (H.7) 

We shall follow the same procedure as before: Alice measures her particles in the generalized (Ni + N p ) -particle Bell 
basis: 

l«W> = ^I>P (^) 1^)1^)' ( IL8 ) 

and then she announces the outcome. 

The recovery unitary operation (RUO) p| which is implemented by the receivers has to be a local one, and satisfies 
the condition 

V m ;n = V Bl ® Vb 2 ® ... <8> Vb No = E 6XP (~|f^) 1 ^X^+^l- ( IL9 ) 

Hence, the receivers will share a state that contains the information of the initial state of Eq. I|II.6|) : 

d-l 

\<t>) =J2 a j\<f } j)B 1 B 2 ...B No - (H.IO) 
3=0 



B. A generalization of quantum teleportation: The many-to-many communication protocol 

In this subsection we present a generalization of teleportation called the "many-to-many" communication of a d- 
level system. Assume that an entangled state, which contains the information of a d-level system, is shared by N 
observers Ay, A 2 , Ajy , spatially separated: 

d-l 

IVO = ^2a k \ip k ) Al \ip k ) A2 ...\il; k ) AN , (11.11) 

fc=0 
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where X)fe=o l a fc| 2 = 1j an< ^ {I V'fc )a,-} represents a basis in the d-dimensional space of the jth sender. The task is to 
transmit the quantum information of this state to M receivers (with M > N) situated at different locations; therefore 
we propose a generalization of the teleportation protocol introduced in Ref. @ from one sender to N senders. 

Let us consider the following scenario. The senders perform local operations on their particles and M — N ancillas 
in order to encode the information of the initial TV-particle state into the final M-particle state. Then, the senders 
send the information of the A/-particle state to the receivers by using the standard teleportation scheme [l| that 
requires an entanglement 



Ex = M\og 2 d 



(11.12) 



between the senders and receivers, and M Bell-type measurements. A similar scenario was analyzed in Ref. Q, where 
the initial TV-particle state belongs to Alice. 

Now we investigate a second scenario where the quantum channel used is a maximally entangled (TV + M)-particle 
state shared between senders and receivers: 



^ d—l 

= —f=j ^ Kj )a[ I TTj )a' 2 — \ "Kj )A' N \(f>j )b 1 B 2 ...B m , 
3=0 



(11.13) 



where we have denoted by B the particles that belong to the receivers. The states {| %j )a'. } represent a d-dimensional 
basis for the ith sender. In this case the entanglement of the bipartition senders— receivers of the channel is E2 = 
\og 2 d < Ex- The state of the whole system is 



d-l d-1 



IVOIO = -J=^<Xk y }2\Tpk) aAkj) A'^k) A^Kj) A> 2 - 
V " fc=0 j=0 

8|^)sx...B M 

rj^T/J I $m. ni ) I $m.n, )-\$r, 



m ni,n2,...,niv 



^exp 



2'Kik 



(nx +n 2 + ... + n N ) 



ctk\ <t> 



k+m ! 



IV' 



k A? 



(11.14) 



The protocol consists of three steps. 

(i) Each sender performs a measurement of his particles in the generalized Bell basis as is shown in Fig. 1. 

(ii) The senders communicate the measurement result to the M receivers. Suppose the outcome of the senders' Bell 
measurement is: 



I $m,m )| $m,n 2 )■■■! $m,n N 



(iii) Then, the receivers apply a local RUO that satisfies: 

2'Kik 



Vm;ni .712 .... ,rtN I 4*k ) CXp 



(m + n 2 + 



Therefore, we have faithfully encoded the information of the initial TV-particle state 



(11.15) 



(11.16) 



into the M-particle state 



d-i 

E 

j=0 



a j\ ( t ) ]) 



j )B 1 B 2 ...B h 



(11.17) 



The second scenario is more efficient since it requires fewer entanglement resources between the senders and receivers, 
and the senders perform the measurement only N times, and therefore need to transmit fewer bits of classical 
information, than in the first scenario. 

Although the final state is identical in the two processes one-to-many and many-to-many [see Eqs. Ull.lOf) . and 
there are some differences between them, 



(III.17(l ]. there are some differences between them, which should be mentioned. In the one-to-many protocol, the 
initial state is a multiparticle state that belongs to one sender, while in our protocol the initial multiparticle state is 
an entangled one shared by different observers separated in space. Also in our scheme, the N senders perform locally 
N generalized Bell measurements. For the particular case N = 1, we recover the result of Ref. 0. We will show in 
the last section how one can use this generalized procedure to broadcast entanglement to different locations. 
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B. M. 



A 1 




Bi 



B2 



B3 



B4 



B. M. 




Bm 



FIG. 1: Schematic of the many-to-many teleportation of the information of a d-level system from N spatially separated senders 
to M receivers (with M > N). The unknown state to be teleported is an entangled iV-particle state shared by N observers 
Ai,Ai, ...An- The quantum channel used is a maximally entangled (N + M)-particle state. Each sender has to perform locally 
a Bell-type measurement (B.M.) and announce the outcome to the receivers, who perform a LRUO, obtaining the information 
of the initial unknown state. The lines represent the entanglement. 



III. ASYMMETRIC QUANTUM TELECLONING OF d-LEVEL SYSTEMS 



A. Asymmetric quantum cloning 



In this subsection we review the concept of asymmetric quantum cloning machines for qudits (d-level systems) 
introduced in Ref. |20j| . These machines produce two nonidentical clones that emerge from two distinct Heisenberg 
channels. Suppose that the input state we wish to clone \i/>)b is prepared in the maximally entangled state | $0.0), 
given by Eq. i|II.4|l . with a reference state, denoted by the subscript R. The doner is described by a unitary operation 
U , acting on a three-particle state, namely, the initial state and another two d- level systems initially prepared in the 
state I 0), denoted by C and D |2j|: 



U\<S> o ,o)rb\00)cd = |V0 



RBCD ■ 



(III.1) 



Cerf denned and analyzed the asymmetric cloning machine using the wave function of the whole system of four 
particles |20|: 



RBCD 



E a. 

rn.n— 



)RB 



I CD 



d-l 

= lrn,n\®rn,n)ac\$m,-n)BD, (HI.2) 

m,n— 

where B, and C denote the clones, D is the ancilla, | 3> OT ,n) is given by Eq. 1)11. 4(1 . and 

d-l 

1 



d-l 

e 27Tl{nx ' my)/d (3 x ^ y . (111.3) 



d 

x^y—O 



Projecting the reference on \ip* ) in Eq. (JTTT72J) , we obtain the action of the doner on an arbitrary input state 28] : 



d-l 



B\ $ro,-n )CD, (M- 4 ) 



?n,n— 



where Y^m n=o \flm,n\ 2 = 1 and U m ,n are the error operators which define the Heisenberg group [2£ 



d-l 



U m , n = ^ lkn/d \k + m)(k\. (III.5) 



k=0 



For d = 2, U m .n become the Pauli operators. In particular, for \ip) — \j), Eq. (|III.4|) becomes 

d-l 

\<j> j )~U\j) B \00)cD= £ ^] a \7+^)B\s)o\JTm) D , (IIL6) 

m,s— 

where {| j}} is the computational basis and we have defined 

6^:--^E/3 m ,« e 2m °- sWd . (m.7) 

v n— 



The states of Eq. (|III.6(1 can be written in the equivalent form 

d-l 

\<t>j) = Y b ™>r\j + m) B \j + r) c \j + r + rn) D , (Illi 

m.r—Q 

with 

d-l 



W ~ b^ r = -j= J2 P m , n e~ 2 ™ n/d . (IH.9) 



n=0 



Let us consider that we wish to clone an arbitrary d-\eve\ system | ip ) = Ylj=o a j 1 3 ) ■ The state of the three-particle 
system after applying the cloning machine given by Eq. (fill - 41) is 

d-l 

|n> = iTO*|o> c |o> D = 5>il&>- ( IIL1 °) 



The two output states are described by the density operators 20, 28] 

d-l 

PB = Tr CD \n)(Tl\= £ |/3 

m,n | | tpm.n ) { VV* 



m,n— 
d-l 



PC = Tr^|II)(Il| = £ \7m,n\ 2 \lpm,n){lpm,nl (HL11) 
m,n— 

where 

|Vm,n) = f/m,„|V)- (111.12) 

The cloning machine (|III.4(I is called a Heisenberg cloning machine, because the clones emerge from two 

Heisenberg channels (of probabilities |/3 m , n | 2 and |7 m ,n| 2 ) |20| . 
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B. Optimal universal asymmetric Heisenberg cloning machine 

In the following, we shall analyze the class of universal asymmetric cloning machines for d-level systems using a 
different method from the one presented in Ref. j2jj. These machines generate clones that are characterized by 
fidelities which are independent of the input state. This condition is given by |20j 

\p m ,n\ = ii, V (m,n) + (0,0), 

|7m,n| = V, V (m,n) + (0,0). (111.13) 

The most interesting case is when the universal cloning machine is optimal, which means a machine that creates 
the second clone with maximal fidelity for a given fidelity of the first one [2(1 l28j | . In Ref. J2j| it was shown that the 
optimal machines are characterized by f3 m ,n, 7m,n that have the same phases; therefore it is sufficient to analyze the 
case when [5 m ,n and 7 mj „ are real. With the notation /3o,o = v, we get from Eq. I|III.9|) 

&o,o = ~^ v + 

b m ,o = Vd^i, 

t>o,r = -j=(y-fi), 

b m ,r = 0, (m,r) ^ (0,0). (111.14) 



Therefore, we find the states I|III.8J| that define the cloning machine as 

i ) = r/;j);oo) = 4?(4# + (rf- 1 M. • 



K Wd 



d-l 



+ -±=(„- rf^lj^j + r)\j + r) +Vdfi^\j + r)\j)\j + r}), (111.15) 

* r—1 r—1 

where 1Z is the normalization factor. We obtain the general expression for the optimal universal asymmetric Heisenberg 
cloning machine: 

et] j>]oo> = 1 2 A \j)\j)\j)+pJ2\3)\7+V)\JTT) 

VI + (d- l){p 2 + q 2 ) ~ 

d-l 

+9Ei7+ 7 )ij)i^+ 7 ))' ( IIL16 ) 



where p = (f — li)/[v + (d — l)fj] and = dfJ,/[v + (d — l)/i] = 1 — p 

Suppose we wish to c 
is given by Eq. (|HI.10fl 



Suppose we wish to clone the state | i/i ) = X)f=o 01 i I J ) ■ The total state of the two clones and ancilla (after cloning) 



d-l d-l 



|H) = ^ aj .(|j)| J -)|j )+J ,^|j)| i + r) | i + r ; 

VI + (d- l)(p 2 + q 2 ) ^ fr{ 



d-l 



+ lJ2\j + r)\j)\j+r)), (111.17) 



where p + q = 1. We find the state of the clones: 



and 



PB = l + (d-l)(p 2 +q 2 ) { [1 ~ ^ + (d ~ 1)P2] 1 VJ } ( ^ 1 + ^ (IIL18) 



PC = l + {d _l W + q , ) {[l-p 2 + {d-lW]\^\+P 2 l}. (HI 19) 
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The fidelity of two mixed states is defined as [2!j 

F(p uP2 ) = [Tr (VpTP2VPi") 1/2 ] 2 ■ (HI.20) 
In the particular case when one of the two states is pure, Eq. I|III.20|) becomes 

f(|v>(Hp) = <VM^>- (ni.21) 

We get the fidelities of the two clones as 
and 

In Ref. |15| . Werner investigated the N — > M universal symmetric cloning machine for d-dimensional systems. He 
found the fidelity of the optimal doner as 

F= ^ + M-l) + M 

M(d + N) K ' 

The symmetric cloning machine is obtained when p = q = 1/2 in Eq. I|HI.16|I , and this leads to the fidelity of the two 
clones 

F -> = F c = wrr) < IIL25 > 

which is in agreement with Eq. (|III.24(I . 

The Heisenberg cloning machine generates the best copies when 

F ° + Fc = 1+ i + {d -iW + { i- P?] ( IIL26 ) 

is maximal. In order to evaluate the maximum, we calculate 

d(F B + F c ) -2(d-l)(2p-l) 



dp {l + (d-l)b 2 + (l-p) 2 ]} 2 

and 

d 2 (F B +F c ). 1fl d-1 



(111.27) 



Op 2 lp=1/2 "(d+1) 

We see that we recover the result of Ref. |20|. namely, the universal symmetric quantum cloning machine (p — 1/2) 
will optimally copy the state. The general expression for the optimal universal asymmetric Heisenberg cloning machine 



16— — — < 0. (111.28) 



(|III.16J| obtained here is more useful when we investigate the telecloning process and broadcasting of entanglement 
than the description that contains the reference system. 



C. Asymmetric quantum telecloning of d-level systems 



In this subsection we extend the concept of asymmetric telecloning from qubits to e?-dimensional systems. Therefore, 
we shall study the 1 — > 2 asymmetric quantum telecloning of qudits, a protocol that combines quantum teleportation 
and asymmetric cloning from one observer to two parties, where the outputs are produced by Cerf's Heisenberg 
cloning machine. Consider that Alice holds an unknown <i-level system 

d-1 

\i>) A = Y, a k\ k )A- (111.29) 

fc=0 
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She wishes to distribute the information of this d-level system to two distant receivers Bob and Charlie with different 
fidelities. Since Alice cannot produce perfect copies of an unknown quantum state due to the no-cloning theorem [jj, 
the best way to transmit the information is to send two optimal asymmetric clones to Bob and Charlie. 

We define the channel used in the telecloning process as a four-particle state shared by Alice, Bob, Charlie, and a 
fourth person Daniel: 

d-l 

| Oabcd = -7^2,\3)a\4>3 )bcd, (111.30) 

j=0 

where A, B, C, and D denote the particles that belong to Alice, Bob, Charlie, and Daniel, respectively. The states 
I 4>j )bcd are given by Eq. (|III.8|I . The tensor product between Alice's input state of Eq. HIII.29|) and the quantum 
channel is 

d-l d-l 

\^) A ®\OaBCD = ]T \<^mn)A® - d Y J ^ l3n ' da o\ ( h+^)BCD. (HI.31) 
n,m— j— 

We shall apply the one-to-many teleportation protocol presented in a previous section in order to teleclone the 
initial state. Therefore we have to find the LRUO that has to be performed by Bob, Charlie, and Daniel in order to 
recover the information of Alice's d-level system. Let us define the LRUO using the same operators given in Ref. 
which were introduced in order to perform 1 — ► M symmetric telecloning of a d-level system: 

V m ;n = V? nn ®Vg n ®V° n , (IIL32) 

where 

d-l 

V^ = E e2 " Wd |^')(7+^l' X = B,C, (111.33) 
j'=o 

and 

d-l 

Kn = £ e " 2 " Wd UKJ+^l' (ni.34) 

3=0 

In Ref. @ the asymmetric telecloning of two-level states was investigated, where the output states are generated 
by the optimal universal asymmetric Pauli cloning machine [given by Eq. ljIII.16|) for d = 2] . It has been shown that 
the LRUO is given by Eqs. (fill . 33|) and l|IH.34|) by using a symmetry property of the quantum channel under the 
permutations of particles that belong to two groups of observers (Alice and Daniel) and (Bob and Charlie). Although 
this symmetry condition is not satisfied by the channel (|III.30() . we shall prove that the LRUO introduced in Ref.[8j 
is also useful for the asymmetric telecloning of an arbitrary ci-level system. All we need to show is that V m - n satisfies 
Eq. (lTL9ll : 

d-l 

V m -M)= E bm, r e 2 " ijn/d \j)\j + r-m)\J+r) = e™* n ' d \ ^ ) , (111.35) 

m,r— 

and therefore Bob, Charlie, and Daniel will share the state of Eq. (|III.10jl 

d-l 

|n>=5>jl^>*CD. (111.36) 

3=0 

Then, following the description presented in Sec. Ill A, Bob and Charlie can obtain the Heisenberg asymmetric clones 

cirri! 

d-l 

m,n | 

m,n— 
d-l 

Pc = X! iTWil 2 ! VwKVw I- (III. 37) 

m,n— 

Therefore, the information contained in the initial d-dimensional system has been copied and transmitted at the same 
time to two receivers with different fidelities, using quantum telecloning. 
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IV. BROADCASTING OF INSEPARABILITY USING OPTIMAL UNIVERSAL ASYMMETRIC 

CLONING MACHINES 



A. Broadcasting of entanglement using local optimal universal asymmetric doners 

Following the work of Rcf. [24|. we investigate the broadcasting of entanglement using a more general cloner, 
namely, the optimal universal asymmetric Pauli cloning machine. The question we address now is the following: 
How well can the observers copy an entangled state by applying local asymmetric cloning transformations? We shall 
analyze the efficiency of the broadcasting process by calculating the fidelities of the two output states. 

In Ref. |24| . Buzek et al. proposed the broadcasting of entanglement using local optimal universal symmetric 
cloning machines defined as 



:. p: 
11] 



tf|0)|00> = ^| f| 000) + || Oil) + || 101 

u\ i)|oo) = yf (\ 111) + \\ 100) + ||010>) . (IV.l) 

The first two qubits represent the clones and the last one is the ancilla. 

Let us now investigate the case when two distant observers (Alice and Bob) apply locally an asymmetric cloning 
machine. The initial entanglement shared by Alice and Bob is 

|V)i2 = a|00)+/3|ll). (IV.2) 

We assume for simplicity that a and j3 are real. Alice and Bob use the optimal universal asymmetric Pauli cloning 
machine given by Ea. l|III.16|) for d = 2: 

u\ o ) | oo ) = -_ =L_ (| ooo ) + P \ on ) + q \ ioi )), 
V i + v + 1 

U\ 1 )| 00 ) = 1 (I 111 )+p|100)+ q\ 010 )), (IV.3) 

y/1 + p 2 + q 2 

with p + q = 1. Therefore, the state of the total system, consisting of the two particles 1 and 2, and another four 
particles, the blank states 3 and 4, and the ancillas 5, and 6, after applying the cloning transformation l|IV.3|) by Alice 
and Bob, is 

I n' ) = U <8> U\ i> ) 12 | 00 >3b| 00 }« = - 1 = {[ 00 ) 56 [a| 00 ) 1S | 00 ) 24 

V i + v 2 + q 2 

+Pp 2 \ 10 ) 13 | 10 ) 24 + 0pq\ 10) 13 | 01 ) 24 + 0pq\ 01 )i 3 | 10 ) 24 + f3q 2 \ 01 ) 13 | 01 ) 24 ] 
+ | 01 ) 56 [ap| 00)ia| 01 ) 24 + aq\ 00) 13 | 10) 24 + f3p\ 10) 13 | 11 ) 24 + 0q\ 01 )i 3 | 11 ) 24 ] 
+ | 10 ) 5e [aq\ 10) 13 | 00 ) 24 + ap\ 01 ) 13 | 00 ) 24 + pp\ 11 )i 3 | 10) 24 + 0q\ 11 )i 3 | 01 ) 24 ] 
+ | 11 ) 56 [ap 2 | 01 ) 13 | 01 ) 24 + apq\ 01 )i 3 | 10 ) 24 
+apq\ 10 >i 3 | 01 ) 24 + aq 2 \ 10) 13 \ 10) 24 + p\ 11 ) 13 | 11 ) 24 ]} 

= a|^o) + /3|^i), (IV.4) 

where the particles denoted by odd numbers belong to Alice, while the even particles belong to Bob. 

We say that the input state | ip )i 2 has been broadcast if the following two necessary conditions are satisfied |24|: (i) 
the local reduced density operators pi 3 and p 2 4 are separable, and (ii) the nonlocal states pi 4 and p 23 are inseparable. 

Let us recall the definition of the inseparability of a bipartite system: A state is inseparable if the density operator 
describing this state cannot be written as a convex combination of product states |30| 

P = Ewf : ] ®P? ] - (IV.5) 

i 

We shall explicitly rewrite the above relation: 
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Let us define a matrix er, which is the partial transposition of p: 



(IV.7) 



The necessary condition for separability of a bipartite state is given by Peres' statement, that the eigenvalues of the 
partial transpose of the density matrix must be positive |3lj . Horodecki et al. have shown that this condition is also 
sufficient for the separability of a mixed spin state of two spin 1/2 particles |32]|. 
We find the expression of the reduced density operators of the local states: 



1 



Pl3 = P2i 



V(l+p 2 + g 2 )|00}<00| +/3 2 (l+p 2 +(Z 2 )|ll)<ll| 



(1 + p 2 + q 2 ) 2 
+ (p 2 q 2 + /3 2 q 4 + 2 q 2 + a 2 p 4 + a 2 p 2 )\ 01 )( 01 | 

+ (pV + PV + PV + "V + «V)I 10 >( 10 | 
+ (P<Z+P 3 <Z + W 3 )(|01)(10| + |10)(01|)]. 

Applying the Peres-Horodecki theorem, we get the condition for the separability of the local states 

a 2 f3 2 -p 2 q 2 > 

or equivalcntly 



1 r 



1 - v/l- V(l-p)' 



< aT < 



1 



1 + a/1 - 4p 2 (l -pf 



The nonlocal pairs of particles are described by the following density operators: 

1 



Pl4 



r {[pV + ^(i+^ + ^)po><oo| 



(1 +p 2 + q 2 ) 2 
+(5 2 (l+p 2 + q 2 )] | 11 ) ( 11 | + 4pqap(\ 00 ) < 11 
+((3 2 q 4 + (3 2 q 2 + a 2 p 4 + a 2 p 2 )\ 01 > < 01 1 
+ (/3V + [3 2 p 2 + a 2 q 4 + a 2 q 2 )\ 10) ( 10 |} 



ii><oo |) 



and 



P23 



r{[p 2 q 2 +a 2 (l+p 2 +q 2 )]|00)(00| + \p 2 q 2 



(1+p 2 +q 2 ) 2 

+/3 2 (1 + p 2 + q 2 )}\ 11 >( 11 | + 4pqafJ(\ 00 ) ( 11 | + | 11 > ( 00 |) 
+ (/3V + (3 2 p 2 + a 2 q 4 + a 2 q 2 )\ 01 ) ( 01 | 
+{(3 2 q 4 + (3 2 q 2 + a 2 p* + a 2 p 2 )\ 10) ( 10 |}. 

Then the two nonlocal states are inseparable if 

CSV + P 2 p 2 + a 2 q A + a 2 q 2 ){p 2 q i + (3 2 q 2 + a 2 p 4 + a 2 p 2 ) - 16a 2 (] 2 p 2 q 2 < 

or equivalently 



1 



- 1 - Vl - 4A < a 2 < - 1 + Vl - 4A 



where 



4 4 
PI 



p 2 q 4 + p 4 q 2 + p 2 q 2 



2p 4 q 4 + 2p 4 q 2 + 2p 2 q 4 



q° 



2q b - q 4 - p« - 2p b - p 4 + 18p 2 q 2 



(IV.8) 
(IV.9) 

(IV.10) 



(IV.ll) 



(IV. 12) 
(IV.13) 

(IV. 14) 
(IV.15) 



The requirements that 1 — 4A has to be positive and that the local states are separable when the nonlocal ones are 
inseparable lead to 



i (l - y/-9 + 2V2lj < p < i (\ + ^-9 + 2^21 



(IV.16) 
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The symmetric cloning machine (p = 1/2) discussed in Ref. |2J| satisfies the condition (jiV.16(l . We see from Eq. 
(|1V.14|I that only some entangled states can be copied. 
The fidelities of the nonlocal states are given by 

evi/\ ^ tvi / \ ^ P 2 1 2 a 4 + /3 4 8a 2 /3 2 pq mn^ 

F(\i>)i2,pu) =F(\lp) 12 ,p23) = , 2 ^ 9 „ + - 2 2 + 7TT 2 i 2^2 - (IV.17) 

(l+p z + q z ) z l+p z + q z (l+p z +q z ) z 

In order to find the maximal value of the fidelity we compute 

f = jIT ^ S¥ [w- f+P V8(i- f+P ! r(«' + . 9 ') 

- 32(l-p + p 2 )(l + 2p-2p 2 )a 2 /3 2 ]. (IV. 18) 

Since we have 

d z F 16 

^■Ip=i/a = -57(1 + 10« 2 /? 2 ) < 0, (IV.19) 

the maximal fidelity is obtained for p — 1/2, which means that the local symmetric cloning machine generates optimally 
the two final entangled states. Bandyopadhyay and Kar have analyzed the broadcasting of entanglement by using the 
most general local symmetric cloning machines, and also found that the optimal universal symmetric machines give 
the best result |25| . Therefore, we conclude that the universal symmetric machine will optimally accomplish the task. 

/From Eqs. pVlljl and (|IV.12|) . we see that the two output entangled states cannot be writen, in general, in the 
scaled form 

P14 = m\il>){il>\ + Q--vi)\i®i 

P23 = + (IV.20) 

Only for a = (3 = l/y/2 are the two nonlocal states in the scaled form H1V.20|) with 

m= * = <rk*- (IV - 21) 

Therefore, by applying local asymmetric cloning machines on the maximally en tang led state we obtain a universal 
symmetric cloning machine of entanglement. This generalizes the result of Ref. |12|, where local symmetric cloning 
machines were used. 



B. Nonlocal asymmetric cloning of an entangled state 

Buiek et al. showed that the entanglement is better copied when a nonlocal symmetric machine is applied instead 
of two local symmetric doners [l2T | . In this subsection we shall investigate cloning of entanglement considering optimal 
universal asymmetric machines and then compare the two methods (local and nonlocal). 

Let us apply the nonlocal optimal cloning machine of Eq. (1111.16(1 for d = 4 on the state 

|^} = a|OO)+0|ll). (IV.22) 
We obtain the two density operators that describe the clones as 

91 = i + 3(^ + g2) [C 1 - « 2 + 3 P 2 ) I^XV'I + Q 2 I] (IV.23) 



and 



P2 = i + 3(p 2 + g2) [(1 - / + 3? 2 ) \4>){^\+p 2 i] ■ (IV.24) 



From the Peres-Horodecki theorem it follows that pj is inseparable if 



\ (1 - v/I - 4^J) < a 2 < ± (1 + v/I - 4^7) , (IV.25) 
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where j = 1,2, and 

(i-pY 



t'l 



Ap 2 {p + 1 



2 ' 



M2 = t% g W (IV.26) 



Imposing the condition that 1 — ifij has to be positive for j — 1,2, we find 

| <P< |- (IV.27) 
Combining the conditions (|IV.25|I and (|IV.27|I we obtain (i) if p G [§, |) then 

~ (l - v / T 3 4^) < a 2 < ~ (l + v / T 3 4^) ; (IV.28) 

and (ii) if p G [|, |] then 

\ (l - v^4^) < a 2 < ~ (l + v^4^) . (IV.29) 
The fidelities of the two output states are 

l + 3p 2 



f b (|V}(Hpb) 



1 + 3 (p 2 + q 2 ) ' 



FM)(M,Pc) = l+ \ + {p f +q2 y (IV-30) 

We showed in Sec. IV A that the two output states produced using local asymmetric cloning are inseparable for states 
that satisfy Eq. (jrV14|) . 

If one compares the range of a 2 obtained using local and nonlocal doners, one observes that the range of a 2 given 
by Eqs. ljiV.28|) and (|IV.29(1 is wider than the range of Eq. I|IV.14|) ; therefore we conclude that the entanglement is 
better copied using a nonlocal asymmetric doner than two local asymmetric doners. This is a generalization of the 
result of Ref. where symmetric cloning machines (p = 1/2) were considered. 



V. TELEBROADCASTING OF A BIPARTITE TWO-LEVEL ENTANGLED STATE 



Now we shall apply the many-to-many teleportation protocol described in Sec. II for 1 — > 2 telebroadcasting, a 
process that combines teleportation and broadcasting, of an arbitrary bipartite two-level entangled state. Let us 
investigate the following scenario. Assume that two spatially separated observers A\ and A2 hold an entangled state 
and they wish to send two copies of this state to two pairs of observers also located at different places. A simple 
way for A\ and Ai to accomplish the task is, first, to broadcast the entanglement using local cloning machines, as 
we have shown in the previous section, and, second, to teleport each clone using the standard procedure 0. Here 
we propose a scheme that is more efficient in terms of the entanglement shared between senders and receivers, and 
classical communication. 

Suppose two observers A\ and A2 share an entangled state 

|V)A 1 A 2 =a|00)+/3|ll) (VI) 

that they wish to teleport to two pairs of receivers B\, B4, and B2, -B3, respectively. We shall construct the quantum 
channel using the six-particle states, which are specified in Eq. I|IV.4(I . 

ko )B lB2 B 3Bi B S B 6 = 1,1, 2 (1 000000 ) + p\ 000101 ) + g| 010001 ) 

1 + p z + q z 

+p\ 001010 ) +p 2 \ 001111 ) +pq\ 011011 ) +q\ 100010) 

+pq\ 100111) +q 2 \ 110011)), (V.2) 
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h )B 1 B 2 B 3 B i B 5 B B = 1 , 2 (| 111111) +p\ 111010) +g| 101110 



1 

1 + jJ 2 + <? 2 

+p| 110101) +p 2 | 110000) +pq\ 100100) + g| 011101) 

+pq\ 011000) + g 2 1 001100)), (V.3) 



where B§ and Bq are the two observers who hold the ancillas. We choose the quantum channel as 

1 1 

-/=| OOjA'^'J 00 )B 1 B 2 B 3 B i B 5 B 6 + 



O = "7=1 00)^/^1 00 )B 1 B 2 B 3 B i B 5 B 6 + ~7=\ 11) A'^lJ 01 ) B 1 B 2 B 3 B i B r _,B <i - (V.4) 



Let us define the LRUO F ro;niitl2 which satisfies Eq. I|II.16|I as 

^0:0,0 = = -fj 

V0;0,1 = Vb;l,0 = C z <g) J ® (7 2 (g) I (g) CTj. (g) J, 
Vi;0,Q = = CT K <g <7 X <g (T^ <g a x <g <7 X (g) O^, 

Vi;i,o = Vi ; o,i = (r x a z ® I ® a x a z ® I ® a x a z ® I. (V.5) 
Then, using the many-to-many protocol we get the final state shared by the six receivers: 

| II ) = a\ 00 }B 1 B 2 B 3 B i B 5 B e + /3| 01 } B 1 B 2 B 3 B i B 5 B 6 , (V-6) 



and 



which is identical with the state of Eq. ljIV.4(l . Following the procedure described in Sec. IV A, we obtain two 
entangled pairs shared by two pairs of receivers B\ — B^ and B2 — B3, characterized by the density operators of Eqs. 
(I1V.1H and 1UV.12I : 

pbib* = 77- 2 * 2 , 2 {bV + Q 2 (i+P 2 + g 2 )]|oo)(oo| + [/g 2 

+/3 2 (1 +p 2 + q 2 )]| 11){ 11 1 + 4pq«/3(| 00)( 11 1 + 1 11 )( 00 |) 
+ (/?V + /?V + a 2 p 4 + a 2 p 2 )l 01 )< 01 I 
+ (/?V + /?V + "V + <*V)| 10 )< 10 |} 

pb 2 b 3 = z— * 2 . 2 {bV + Q 2 (i+P 2 + g 2 )]|oo)(oo| + [p 2 g 2 
(1 + p A + q*y 

+/3 2 (l+p 2 + g 2 )]|ll)(ll|+4p 9 a/3(|00)(ll| + 1 11 )< 00 |) 
+ (/?V + /?V + c*V + «V)| 01 )< 01 I 
+ (/3 2 g 4 + /?V + aV + «V)1 10 )< 10 |}. 

for p that satisfies Eq. HIV.16f> . 

In conclusion, we have proved how one can transmit optimal information of an entangled state to two pairs of 
receivers using only local operations and classical communication. The final states obtained by the four receivers 
represent the output systems generated in broadcasting of the entanglement process using the local optimal universal 
asymmetric cloning machines described in Sec. IV A. 



VI. CONCLUSIONS AND OPEN QUESTIONS 



We have proposed a generalization of quantum teleportation, called the many-to-many protocol, that transmits 
the information of a d-level system from N spatially separated senders to M > N receivers situated at different 
locations. In this scheme, each sender has to perform a Bell- type measurement and annouce the outcome to the 
receivers. Depending on the result, the receivers apply a LRUO in order to obtain the information of the initial 
ci-level system. We have shown that this protocol is more efficient than another method, where the senders use 
local global operations on the N particles and M — N ancillas. We have presented a generalization of broadcasting 
of entanglement using local optimal universal asymmetric doners and have shown that entanglement is best copied 
when symmetric doners are applied. We have also discussed nonlocal asymmetric cloning of an entangled state and 
pointed out that the inseparability is copied better using a nonlocal asymmetric cloning machine than local asymmetric 
cloning machines. Using the one-to-many communication protocol, we have extended asymmetric telecloning from 
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qubits to d-dimensional systems. Finally, we have presented a scheme called telebroadcasting that combines the many- 
to-many teleportation protocol and asymmetric broadcasting of entanglement. The quantum channel is a maximally 
entangled state shared between the senders and receivers. We have proved that using Bell measurement, classical 
communication, and local operations, one can distribute entanglement from two observers to two pairs of spatially 
separated observers. 

In closing, let us point out some open questions. First, is the telebroadcasting presented in the last section the 
optimal protocol that copies and distributes entanglement to different locations? Second, is it possible to use fewer 
entanglement resources than the channel of Eq. (|V.4f> between the senders and receivers? An interesting problem 
would be to consider symmetric telebroadcasting, where the two output entangled states have to be generated by 
universal symmetric cloning machines (not necessary optimal). 
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